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Analysis of Circular, Rectangular, and Elliptical Openings 
By S. S. M. Chan 1 and M.. J. Beus2
ABSTRACT
The Bureau of Mines has investigated the structural aspects of shafts 
and support systems using the finite-element technique. In situ field 
measurements in deep, vein-type metal mines show that rock stresses are 
often higher in the horizontal direction than the vertical, and unequal 
in the horizontal plane. These data and laboratory and field-determined 
physical properties were used as input to analytical studies.
Various design and construction parameters were investigated to deter­
mine the effect on shaft stability. Rectangular shafts were studied in 
detail to determine the effects of applied stress ratio, shaft orienta­
tion and dimension, influence of interbedded quartzite and argillite,
and rock fracturing. Various support systems were analyzed, including 
concrete lining, timber, and steel sets. Circular configurations were 
investigated to evaluate yield zones and liner thickness. Elliptical 
shafts and time effects were briefly evaluated to illustrate shape and 
time effects and demonstrate the methodology.
It is shown that the magnitude, direction, and ratio of applied stress 
and rock mass anisotropy are keys to determining shaft stability. A
realistic conceptual framework was developed with which to examine the
rock and support interaction in deep mine shafts. Structural analysis 
techniques overcome some of the historical difficulties with shaft de­
sign by defining the field data requirements and structural sensitivity 
of various design and construction parameters.
^Mining engineer, Spokane Research Center, Bureau of Mines, Spokane, WA; professor 
of mining engineering, University of Idaho, Moscow, ID.
^Mining engineer, Spokane Research Center, Bureau of Mines, Spokane, WA.
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INTRODUCTION
In recent years a need has developed 
for mine shafts of more sophisticated de­
sign both in established mining areas and 
in newer mining districts. The success­
ful mining of deeper and lower grade ore 
bodies requires faster sinking methods, 
higher tonnage, lower maintenance, and 
better ventilation.
Traditionally, the term "shaft design" 
has meant specification of the hoisting 
capacity, ventilation requirements, skip, 
cage, and guide design, optimum location, 
hoisting plant, and sinking method (2 9 ,
41).3 Extensive attention has always
been paid to the shaft construction tech­
nique and service requirements. Con­
siderable inertia against trying new 
techniques in a given area is evident,
even though these techniques may have 
been successful and economical elsewhere. 
Considering the importance and capital 
expenditure requirements of deep mine 
shafts, a high degree of confidence must 
be developed in new design approaches be­
fore their use can be justified.
The basic structural considerations in 
shaft design are configuration and ground 
support. The two most common shapes are 
circular and rectangular. A typical rec­
tangular shaft section is shown in figure 
1A . Ground support systems include con­
crete, timber sets, steel sets, rock 
bolts, and steel liners. Figure IB shows 
the timber support and compartment layout 
at a typical rectangular shaft station.
The inherent advantages and/or dis­
advantages of various shaft designs are 
well known. Circular concrete-lined 
shafts have minimal resistance to venti­
lation airflow, are virtually fireproof, 
and are best able to resist uniform ex­
ternal loads. However, concrete does 
not yield significantly, and potential 
failure conditions cannot be easily de­
tected or repaired. Therefore, timber- 
supported, rectangular shafts predominate 
in many older and deeper mining districts 
with highly stressed, heavy ground be­
cause the sets can be relieved and
^Underlined numbers in parentheses re­
fer to items in the bibliography at the 
end of this report.
reblocked when squeezed out of alignment. 
However, the constant maintenance and 
repair requirements result in exposure to 
inherently dangerous working environments 
and excessive operating costs.
A dilemma exists in many older mining 
districts— circular, concrete-lined open­
ings have many desirable features, pro­
vided they are strong enough to withstand 
the stresses and displacements involved. 
Rectangular, timber-supported shafts have 
proved adequate over the years, especial­
ly in deep vein-type mines. Therefore, 
when new shafts are to be sunk, or exist­
ing shafts deepened, the tendency has 
been to use configurations that have 
proved successful in the past.
McWilliams (35), in his study of the 
Coeur d'Alene mining district in Idaho, 
stated "...shafts are designed with the 
compartments alined side by side, and 
with the long horizontal axis oriented 
normal to the bedding of the country 
rock. Experience has shown that such 
a position is best able to resist rock 
pressure encountered at depth." However, 
the implication of increased maintenance 
and repair requirements on ever-deepening 
shafts is becoming a more important 
consideration.
The Bureau has initiated several proj­
ects to advance the state-of-the-art of 
shaft design, particularly in deep, vein- 
type metal mines. The primary objectives 
are to ( 1 ) define the nature, magnitude, 
and direction of the stresses acting 
around shaft openings, (2 ) determine 
the structural sensitivity of various 
shaft designs to changes in applied load, 
shape, orientation, and support, (3) con­
duct prototype laboratory and full-scale 
field studies, and (4) establish design 
criteria. The Coeur d'Alene mining dis­
trict in northern Idaho is an ideal test 
area because of the availability of test 
sites and because it is typical of a 
deep-vein mining area experiencing shaft 
stability problems.
Several stages of investigation are be­
ing conducted including ( 1 ) small-scale
field and laboratory studies to determine 
in situ stress, physical properties, and
stress and displacement distribution in
3
F I G U R E  1. - Typical rectangular shaft and station in deep vein-type mine. A, Rectangular shaft 
section; B, timber support and compartment layout.
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laboratory-scale models, (2 ) direct com­
parison of circular and rectangular half­
scale test shafts, (3) instrumentation 
and analysis of full-size shafts, and 
(4) extensive two- and three-dimensional 
finite-element and boundary-element anal­
ysis to establish design guidelines and 
compare actual versus theoretical be­
havior. Results of small-scale in situ 
and laboratory stress and physical prop­
erty measurements have been published
(3). Construction of the test shafts is 
also complete.
This report presents results of two­
dimensional, elastic, plastic, and visco­
elastic, finite-element analyses. Empha­
sis is on rectangular shafts, as this is 
where analysis is lacking. Input data 
are based on actual in situ measurements,
and appropriate load ranges and rock, 
properties have been selected. The back­
ground literature currently available on 
structural design of shafts and support 
systems is also examined to put the cur­
rent analyses into proper perspective.
Application of the finite-element tech­
nique for simulation of horizontal cross 
sections of deep, vertical mine shafts is 
illustrated. Aside from the "fixed" con­
ditions of in situ stress, rock proper­
ties, and geologic conditions, the "vari­
able” design parameters are considered in 
the analysis. This includes size, shape, 
and orientation of the opening and the 
type and dimension of support. The re­
sults can be used either as a guide for 
detailed shaft design analysis or to es­
tablish design criteria.
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BACKGROUND
The design of underground mining open­
ings and support systems is based largely 
on past experience. Design details are 
often transferred from one mining proper­
ty to another with similar ground and/or 
mining methods and adapted to the condi­
tions of that particular mine. As time 
progresses, the designs are modified by 
trial and error.
Mining openings often suffer from a 
lack of detailed structural design. 
Civil structures such as transportation 
and water supply tunnels and underground 
power stations are designed to protect 
the public interest, and the penalties of 
poor design are severe. Consequently, 
this design technology has advanced at a 
rapid rate.
Somewhat in contrast, mine openings 
generally have more complex and varied 
stress and geologic conditions due to the
mineral deposition environment and mining 
activities. In addition, they do not re­
quire the permanence and aesthetic attri­
butes of a civil structure. Prior mine 
design research also has focused primari­
ly on horizontally oriented openings such 
as tunnels, drifts, and underground cham­
bers. A frequent misconception is that '
the same design approach can be used for 
mine shafts. Furthermore, to the au­
thors' knowledge, detailed instrumenta­
tion and analysis in shafts in the United 
States has been attempted only once, in a 
concrete-lined shaft in sedimentary for­
mations (ĵ , 48). Structural information 
on deep shaft design is, therefore, 
scarce, and a definite need exists for 
additional in situ data and shaft and 
support system analysis to establish de­
sign criteria.
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S H A F T  L O A D S  A N D  T H E  I N  S I T U  
S T R E S S  F I E L D
The orientation, magnitude, and nature 
of the stresses around an underground 
opening consist of "induced" components, 
or those due to excavation, superimposed 
on the "natural” components; that is, 
residual, tectonic, and gravitational 
loads. Gravity and tectonic forces, both 
horizontal and vertical, are normally in 
a state of equilibrium prior to mining or 
tunnel construction. Extraction of some 
of the rock in this mass disturbs the 
equilibrium by removing the balancing 
forces and induces stresses in the form 
of redistribution and concentration. The 
load that was carried by the removed rock 
is transferred to the rock adjacent to 
the opening. As the face is advanced, 
its supporting effect is lost, and this 
additional stress is also carried by the 
remaining rock (47). Additional loading 
beyond the yield point might occur as a 
result of plastic and creep characteris­
tics of the remaining rock mass, aging of 
concrete in support structures, and ef­
fect of temperature and humidity changes 
on the exposed rock and support system.
According to Terzhagi's well-known 
theory (45), rock responds to this change 
in load by deforming, resulting in a low­
ering of the roof and deflection of the 
tunnel walls. The magnitude of such 
deformation is dependent on the capabil­
ity of the rock to resist deformation and 
the amount of load change. An area of 
deformed rock exists around an under­
ground opening, the extent dependent upon 
the type of ground, the construction 
technique, and the size and depth of the 
tunnel.
The same rock load theories developed 
by Terzhagi for use in tunnels are often 
considered valid for shafts (55). Obvi­
ously, the in situ stress field and in­
herent rock strength play a significant 
role in the design approach for shafts. 
However, the concept of providing support 
for a gravity-loaded rock mass is not 
valid.
Mine shafts differ structurally from 
mine tunnels or drifts in several ways:
(1) The stress magnitude generally in­
creases as the shaft bottom is advanced,
(2 ) the rock material in the shaft walls 
behaves differently under the influence 
of gravity, and (3) the construction 
method and support concepts and resulting 
support-rock interaction is different= 
Therefore, the traditional design assump­
tions regarding applied loads, support 
interaction, and failure modes applicable 
to tunnels are not necessarily adaptable 
to shafts. In addition, the consequences 
of shaft failure are potentially more 
catastrophic than for a tunnel failure. 
Failed material presents a hazard at all 
points below, not just at an isolated 
point, thus magnifying the risk to equip­
ment and personnel in the shaft.
There are two approaches concerning the 
source of shaft loading: that resulting
from the in situ rock stress, and that 
from ground water. Water around a lined 
shaft results in a uniform pressure and 
is simply a hydrostatic head behind the 
lining equal to the height of the column 
of water. Rock pressure is dependent on 
several factors—density and homogeneity 
of the rock mass, physical properties, 
construction variables, and tectonic and 
residual stress. For vertical shafts, 
the magnitude and ratio of horizontal 
ground stress are often the most critical 
and difficult to define in terms of de­
termining shaft stability. Rock pressure 
in the shaft is normally assumed to be 
uniform, with a magnitude based on a 
lithostatic condition and Poisson's ef­
fect. If the stress In the horizontal 
plane is not uniform owing to tectonic 
activity, anisotropy, and nearby mining, 
design of the shaft and support structure 
becomes considerably more complex.
Recent measurements by the Bureau have 
shown that In situ field stress and phys­
ical properties can be extremely variable
(4). For example, the horizontal stress 
often exceeds vertical stress, a fact 
that has also been reported in about 75 
pet of measurements conducted worldwide 
(34). Several theories support the ex­
istence of high horizontal stress compo­
nents, including those by Bucky (6 ) and 
Hast (23). According to these theories, 
the greatest deviation of horizontal 
stress from that determined to be due to 
the weight of the overlying overburden 
occurs in mountainous terrain, in areas
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where the near-surface crust has not been 
relieved by faulting and where a large 
amount of folding or surface erosion has 
occurred. This is precisely the case in 
the Coeur d'Alene mining district, and 
stress field measurements and related o b ­
servations support these hypotheses (4).
Table i shows the principal stress ra­
tios with respect to depth determined at 
various mines in the Coeur d'Alenes. The 
ratio of the major principal stress to 
the minor principal stress is as high as 
3.18 at the Sunshine Mine, with a low of 
1,25 at the Crescent Mine^ This indi­
cates biaxial loading conditions due to
TABLE 1 a - Principal stress ratios in 






ratio ( a ] / a $ )
Caladay........ 1 , 2 2 0 2.65
4,000 1.85
Lucky Friday... 4,250 3.11
4,800 3.18
Crescent ........ 5,300 1.25
Silver Summit.. 5,500 2.80
Star............ 7,340 1.78
tectonic influence. Also, the stress ra­
tio implies that biaxial load conditions 
might prevail at deeper mining horizons 
instead of plastic flow and uniform 
loading.
In situ stress information is further 
resolved for vertical and horizontal 
stress components (table 2 ), showing the 
ratio between horizontal and vertical 
stress and the biaxial horizontal stress 
condition, in order of increasing depth 
of overburden. The average ratio of max­
imum horizontal to vertical stress icrh / 
crv ] is 1.54 with the ratio of maximum ¿o 
minimum horizontal stress (ah /crh ] av­
eraging 1 ^6 6 » ’ 2
All of the data analyzed from 1967 to 
the present time show that ( 1 ) the verti­
cal stress is comparable to what might be 
expected from a gravity-loaded mass, (2 ) 
the horizontal stresses are greater than 
the vertical, and (3) the horizontal 
stress ratio ranges from near 1 : 1  to al­
most 3:1 (4_). Consideration of the in
situ stress field in the shaft design 
process is obviously of prime importance, 
particularly at de.pths where the in situ 
stress could exceed rock strength.














a h ,  /
/  a  V
CTh 1 /
/ CTh
Shaft station, Caladay 
Project...... ......... 1 , 2 0 0 1,450 1,280 820 0 . 8 8 1.56
3400 level, Galena 
M i n e .................. . 4,000 5,500 13,000 9,540 2.37 1.36
4250 level, Lucky 
Friday Mine....... . 4,250 4,770 9,520 6,730 2 , 0 0 1 c 42
4800 level,' Sunshine 
Mine................... 4,800 7,420 7,220 4,000 .97 1.81
3300 level, Crescent
5,300 6,300 7,830 6,280 1.24 1.25
4000 level, Silver
5,500 7,870 14,720 5,390 1.87 2.73
7 300 level, Star Mine. 7,340 7,280 10,430 6,880 1.43 1.52
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Physical properties, especially the 
strength and elastic parameters of rocks, 
have also been determined at numerous 
mines in the district (3). Findings in­
dicate that ( 1 ) the rocks are hard and 
brittle and deform elastically, (2 ) the 
strength of the rock samples is highly 
variable, depending upon the mineral con 
tent, fracturing, and interlayering con­
ditions, (3) the elastic properties are 
variable and are easily affected by the 
degree of confinement, and (4) the rock 
masses in the district often exhibit 
small, steady-state creep displacements 
at low rates.
There are numerous geologic observa­
tions in the Coeur d'Alenes that support 
the measured data. For example, accord­
ing to a popular hypothesis of the tec­
tonic evolution of the Coeur d'Alene min­
ing district (27), there were several 
stages in the development of the tec­
tonic setting of the district. A strong, 
horizontal compressive force occurred in 
a general northeast-southwest direction 
forming a series of anticlines, syn- 
clines, and some faults with parallel 
axes. The regional ground force was then 
reoriented to a somewhat east-west direc­
tion, the Osburn fault and its branches 
were formed, and the existing folds and 
faults were offset. Finally, igneous in­
trusions, mineralization, and the forma­
tion of veins added to the complexity of 
the structural pattern. Correlation of 
this hypothesis with measured field data 
(2, 4) indicates that the in situ stress 
field is related to past and present re­
gional tectonic forces, even though minor 
local modifications are expected from the 
effects of mining.
Other indications of unequal horizontal 
stresses and anisotropy include the ob­
servation of failure modes in 4- to 7— 
ft-diam, machine-bored, vertical raises. 
These are identified as shear failures 
resulting from a large difference in sec­
ondary principal stresses in a plane nor­
mal to the axis of the raise bore. Fig­
ure 2  shows typical failure patterns in a 
5-ft-diam raise.
Core disking has also been encountered 
in numerous borehole drillings in the 
district. Obert states that this condi­
tion exists when the horizontal stress is 
numerically greater than the vertical 
stress in a vertical borehole (40). Or, 
in the case of a horizontal borehole, 
either a vertical or horizontal stress 
normal to the borehole axis is greater 
than the horizontal stress along the axis 
of the borehole.
STRESSES AROUND SHAFTS
The magnitude and distribution of 
stress around shafts may be determined 
analytically by mathematical solution or 
physical modeling, empirically from sta­
tistical analysis, i.e., RQD or Q stud­
ies, or in situ instrumentation and mon­
itoring. Stresses and displacements re­
sulting from an analytical solution are 
dependent, on the forces applied to the 
model boundaries and the physical proper­
ties determined for the rock mass. The 
quality of the solution is dependent 
on the quality of the input data and 
the skill of the investigators in de­
fining the structural complexities in the 
model.
Structural design of circular shafts 
consists primarily of specifying the re­
quired thickness of the lining to support 
a hydrostatic loading from water pressure 
and/or loading from rock pressure. Other 
design variables that may be considered 
are physical properties of the lining, 
use of backpacking, shaft size, distance 
from the face before permanent support 
is installed, and initial support, such 
as shotcrete bolting. Circular openings 
are best suited for a uniform outside- 
pressure distribution, resulting in a 
uniform stress concentration in the shaft 
wall and the lining. Concrete-lined cir­
cular shafts can be considered analogous 
to chick-walled cylinders, or a hole 
within an infinite elastic plate; and 
closed-form solutions are well developed 
for calculating critical stresses, lining 
thickness, strains, and deformations.
F I G U R E  2. - Shear failure in 5-ft-diam raise bore.
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The primary structural consideration 
for rectangular shafts consists of speci­
fying orientation, with respect both to 
the prevailing stress field (if it is 
known or can be reliably inferred) and to 
weakness planes in the rock m a s s . Orie­
ntation has historically been based on 
minimizing the exposure of individual 
bedding p l a n e s , which are often consid­
ered to act as a beam or flat plate with 
fixed ends. Size of the shaft and ratio 
of the length of axes are also struc­
turally important, although most often 
these are specified based on production 
and ventilation r e quirements.
Mathematical relationships to determine 
the stress distribution around rectangu­
lar shafts are considerably more complex 
than for circular shafts. The equations 
contain curvilinear coordinates and com­
plex variables (50-53) and characterize 
the shaft corners as ellipses because
of infinite stress concentrations at per­
fectly sharp corners. Obert and Duvall 
(39) determined the stress concentration 
pattern for rectangular shapes using 
photoelastic modeling techniques for dif­
ferent applied loads and varying ratios 
between stresses and major and minor ax­
es . Their results are based on loading 
for horizontal openings; however, they 
might be considered valid for vertical 
shafts in a homogeneous elastic medium 
without s upport. ■
The calculation of the radial and tan­
gential stresses around circular s h a f t s , 
on the other hand, is well documented. 
If there is no evidence of tectonic load­
ing, and if a dry shaft is desired, a 
hydrostatic lining is designed (2 9 , 5 2 ). 
For a uniform field str e s s , p 0 , and the 
outside radius equal to infinity, L a m e 's 
thick-wall cylinder equations are used
(1 1 , 5 3 );
CTe = Po + f y ) . (2)
where o r , og = radial and tangential
s t r e s s e s , respectively,
a = shaft radius,
and r = radial distance from
center of shaft to any 
point in the rock.
When the shaft is lined, the radial and 
tangential stresses in the lining may a l ­
so be calculated from the thick-wall 
cylinder equations, providing the applied 
load ( p G ) is uniform, as
where a = inside radius of the lining,
b = outside radius of the lining,
r = radial distance from center 
of shaft to the point of 
interest,
and P Q = uniform applied load on the 
lining.
It is obvious from the above equations 
that the tangential stress in the lin­
ing is at a maximum value and that the 
radial stress is zero at the inner sur­
face of the lined shaft when r = a. Fig­
ure 3 shows a simplified cross section 






F I G U R E  3. - Applied loads and internal 
stresses in lined circular shaft.
For unlined circular shafts in unequal 
stress fields, the radial, tangential, 
and shear stresses at any point may be 
calculated from the Kirsch equations (3 9 , 
53) as a hole in an infinite plate as 
follows:
r = radial distance from the cen­
ter of the shaft to any 
point in the rock,
0  = polar coordinate, horizontal 
axis as 0  = 0 °,
and Sy = horizontally applied field 
stresses, 90° apart,
and T rQ = maximum shear stress.
When a lined circular shaft is acted 
upon by unequal horizontal pressure, the 
Kirsch equations may be further developed 
in terms of radial or tangential stress 
at any region in the medium. Dar (13-14) 
has completed this work and programmed 
the equations for computer analysis. 
Ostrowski (41) has also presented solu­
tions to nonuniform distribution of loads 
around lined circular shafts, according 
to the "degree of nonuniformity" of ap­
plied loads.
Equations 1 through 7 for lined and un­
lined vertical shafts are based on elas­
ticity and the "maximum stress" failure 
criteria for single openings in competent 
massive rock formations. The state of 
stress thus computed is due entirely to 
elastic deformation that may occur prior 
to any failure condition in the rock sur­
rounding the shaft. If the zone of rock 
around the shaft has failed, the appro­
priate equations are those governing 
plastic and clastic behavior,
According to Coates (10), Mohr's 
strength theory can be used to determine 
tangential and radial stresses and the 
radius of the zone of failed material. 
Ostrowski has also presented solutions to 
determine stresses in terms of Terzhagi's 
failure stress conditions for both cohe­
sive and cohesionless (clastic) rock. 
Coates and Daemen (10, 55) have further 
developed expressions to include the 
liner and/or rock interaction in terms of 
Mohr's criteria. These relationships are 
relatively complex and are not included 
here— see the references cited for 
further detail.
w h e r e  a  =  s h a f t  r a d i u s ,
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In addition, many rock types exhibit 
varying degrees of time dependency. 
Gnirk (21) has presented solutions for 
viscoelastic displacement around lined 
and unlined shafts under uniform loading, 
based on four common rheological models: 
two-element Maxwell and Voight models, 
the three-element elastic model, and the 
four-element Burger model. Again, the 
referenced paper provides the detail.
In addition to the preceding discus­
sion, failure could occur below the elas­
tic yield point due to elastic instabil­
ity by buckling or longitudinal bending. 
Galanka (19), Ostrowski (41), and Schlage 
(50) consider shaft liners as thin cylin­
drical shells. In addition, Coates (10) 
presented equations for computation of 
maximum compressive and tensile stress 
for concentrated loads on shaft linings.
For convenience in design, lining 
thickness may be determined by expressing 
Lame's equations in terms of the maximum 
allowable stress in the lining (ctq) as 
follows, again assuming uniform external 
pressure (51, 53):
Pariseau (42) developed another equation 
to calculate the lining thickness in 
terms of critical displacement and shear 
modulus and to take into account the ef­
fect of face advance:




1 - 2FP 0 /C 0  + (l-2ji)G/fG'
/ 2
( 1 1 )
t = lining thickness, in,
a = inner shaft diameter, ft,
F = factor of safety in compres­
sion for the lining,
G = rock shear modulus, psi,
G' = lining shear modulus, psi,




°0 - 2 p o
- 1 (8 )
where t = lining thickness, in,
and o q = maximum tangential stress 
or allowable compressive 
strength of the lining, psi.
A slight modification is the Huber equa­
tion (19) where
t = a (  — - 1 I •
a 0 - '/ 3 p "ci
(9)
Trollope (54) developed an equation, 
based on Lame's analysis, to compute 
critical depth:
F Z (cri+) =
tcr r> l+ 2 n
where F = factor of safety,
Z = critical depth, ft,
a = uniaxial compressive 
strength, psi,
and n = ratio between lateral and 
vertical stress, psi.
( 1 0 )
and
U = the total shaft wall dis­
placement that occurs with 
the lining installed, in­
cluding U' ,
U' = the inward shaft wall dis­
placement that occurs as a 
result of shaft sinking but 
before liner installation,
P Q = premining horizontal stress 
(applied load), psi,
C 0  = unconfined compressive
strength of the liner, psi,
|i = Poisson's ratio for the rock.
The Kirsch equations, as reported by 
Dar (13-14), may also be further de­
veloped to express lining thickness 
for unequal horizontal pressure. Galanka 
(19) developed equations based on the 
maximum eccentricity in terms of the 
coefficient of variation of the circum­
ferential pressure and a given lining 
thickness.
F I N I T E - E L E M E N T  ANALYSIS
From the preceding discussion, several 
shortcomings in the state-of-the-art of 
shaft design from a structural point of 
view arise, as follows:
1. The equations expressing inelastic 
behavior are quite complex and restricted 
to the conditions of a unifoimly applied 
load and a homogeneous, isotropic, rock 
mass.
2. Flexibility in design is severe­
ly restricted, and investigation of de­
sign alternatives may be extremely time 
consuming.
3. The design and support aspects of 
noncircular shafts with multiple mate­
rial properties have been essentially 
neglected.
4. The effects of excavation sequence 
are not considered.
The remainder of this report will il­
lustrate the use of finite-element tech­
niques to address some of these design 
shortcomings.
For a vertical shaft, a two-dimensional 
model must show either a horizontal or 
a vertical cross section« A vertical 
plane through the shaft centerline al­
lows simulation of face advance, which 
can be used to investigate time effects 
and to optimize placement time of the 
support. A horizontal section permits 
analyses of cross-sectional shape, sup­
port characteristics, and orientation. A 
three-dimensional analysis is required 
to include effects of all structural 
parameters in a single model. This study 
assumes either that ( 1 ) support is in­
stalled concurrent with excavation and 
the applied load is irrelevant to the 
overall qualitative effects being ana­
lyzed or (2 ) a reduction in applied load 
simulates the appropriate load fraction 
applied to the support at the time of 
installation. A variety of models have 
been utilized to analyze stresses around 
different shaft shapes and support sys­
tems , under nonuniform loading condi­
tions, and for elastic, plastic, and vis­
coelastic rock behavior.
Finite-element techniques have been ap­
plied by the Bureau, solving several 
large-mine-shaft-related structural prob­
lems. Pariseau (42) modeled a vertical
section of a concrete-lined shaft under 
lithostatic loading. The liner displace­
ment was analyzed with respect to dis­
tance above the shaft bottom. Gooch (22) 
monitored closure during deepening of 
the No. 2 shaft at the Lucky Friday Mine 
in the Coeur d'Alene mining district be­
tween May 1974 and April 1975. Elastic- 
plastic finite-element analyses were 
conducted, reducing the values of rock 
mass properties until field closure mea­
surements generally corresponded to cal­
culated displacements. The effect of 
rock bolting on stress distribution and 
rock yielding around the shaft was also 
studied.
Karwoski (30-31) studied the effect of 
the shape of shaft cross sections, rock 
anisotropy, applied stress ratios, and 
stress distribution around mine shafts. 
In conjunction with Karwoski's work, 
Agbabian Associates developed a finite- 
element computer code under a Bureau con­
tract to solve various mining-related 
structural problems (18). The code is 
called "BMINES" and is a modification and 
consolidation of existing finite-element 
programs for solid mechanics applica­
tions. This code has been used exten­
sively for the present study and has been 
recently updated (56).
DEFORMATION AND FAILURE CRITERIA
Prior to conducting finite-element 
analysis, the major deformational modes 
that may occur in the rock mass around 
shaft structures must be identified, in­
cluding elastic, plastic, and viscoelas­
tic. Laboratory and in situ physical 
property tests (7) show that the Precam- 
brian quartzite in the Coeur d'Alene min­
ing district primarily deforms elastical­
ly, especially within a loading range 
between 25 and 75 pet of the ultimate 
strength of the rock. It has also been 
noticed that rupture occurs either short­
ly after plastic deformation or prior to 
any obvious plasticity. Plastic yield 
zones are, therefore, identified around 
shaft structures as an indication of 
structural instability.
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Viscoelastic models reveal the time ef­
fects on long-term stability of the
shaft. Few data are available on time- 
dependent creep characteristics of the 
Precambrian quartzites from the Coeur 
d'Alene district. Operational problems 
with the viscoelastic option of the
BMINES program at the time of this inves­
tigation resulted in only a limited 
amount of viscoelastic modeling.
For elastic studies, the only physical 
properties needed as input are bulk 
modulus, B, and shear modulus, G. The 
stress-strain relationship is indicated 
by
d a .j = (b - f c ^ d e ^  6 (J + 2 c ( d ( 1 2 ) 
where dajj = the incremental stress,
and de? . = the incremental component
of elastic strain.
The incremental stress-strain equation 
may also be expressed in matrix form as 
follows:
{da} = [C] {de}, (13)
where {de} = the total increment of 
s train.
The [C] matrix, therefore, contains the 
generalized tangent moduli and can be
used in forming the element stiffness ma­
trices. The [C] matrix may be composed 
of elastic segments for elastic models, 
or a mixture of elastic and inelastic 
segments for plastic models; that is, C 
= C e - CP. The strain-displacement rela­
tionship is expressed as
{e} = [B ]{U }. (14)
For plastic deformation, a proposed 
yield criterion is
f(/Ji,Ji) = 0 , (15)
where Jj = Cj a ii + C2 0 2 2  + ^ 3 0 3 3 , (16)
and / J 2 = [ C 4  (a , , - a 2 2 ) 2
2  2  
+ C 5  (a 2 2  - 0 3 3 ) ' + Cg ( 0 3 3  - aii)'
+  C 7 ° n  +  C 8°2 3 +  V l 2 ] ’/ 2 - < 1 7 >
A further assumption is that rock mate­
rial fails in shear along planes of weak­
ness, according to a Mohr-Coulomb failure 
criterion, as follows:
(18)
where t and a = shear and normal
stresses, respective­
ly, on the plane of 
fracture,
and a 0  and aj= cohesion and the angle
of internal friction, 
respectively.
Failure may also be expressed in terms of 
principal stress,
2 a 0  — 2 a 1 a \  
cr, — a 3  = --- 0  1 j
a j — v a 1 z + 1
(19)
with fracture occurring when
--- 2 a Q - 2 a 1 q 3  <Q> (20)
f = (aj - a 3)
For viscoelastic deformation, total 
strain is expressed as
et = a + 3 1 og t + at, (2 1 )
where et = the total strain at time t,
a = the instantaneous elastic
strain,
Blog t = the amount of primary creep,
and at = the amount of secondary
creep.
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The primary, or transient, creep ex­
pression occurs under the same load as 
the initial elastic strain component. 
Secondary or steady-state creep continues 
at a constant rate for a significant per­
iod of time and increases rapidly in the 
tertiary stage to rupture.
The overall strain rate, consisting of
. ,  ,  de .
primary and steady-state creep, ——, is
dt
also related to the applied load, a. and 
the coefficient of viscosity of rock, n , 
as
de _ a 
dt n *
(2 2 )
Kelvin and Maxwell models are utilized 
to characterize viscoelastic behavior in 
more detail. The creep strain for the 
Kelvin model is expressed as
' +  +  A t
= e^ exp ( - c t ) A t )
1  - exp (-aiAt) (23)
where
and
a] = —— and a 2  = —— represent
fib ns
creep in volumetric strain,
G j 1a I = —  and a? = —  represent
n s ns
creep in shear strain.
The creep strain for the Maxwell model is 
expressed as
e+ + A + = e= + (a2At + cti)cr+ + At
- oi i ct +, (24)
where otj = -̂ and a 2  = Hr represent
JJ
creep in volumetric strain
and ctj = — and a 2  = represent
G
creep in shear strain,
where n b and n s = bulk and shear coef­
ficients of viscos­
ity, respectively,
The basic approach towards finite- 
element modeling in this study is to use 
representative input data based on actual 
measurements made In the field. Input of 
actual field conditions lends credibility 
to the results, as opposed to a paramet­
ric-type analysis. Several considera­
tions regarding field, or "fixed," condi­
tions, "variable" design parameters, and 
failure criteria as used in this study 
must be defined.
The magnitude and direction of in situ 
principal stresses, the ratio between
horizontal stresses, and major geologi­
cal features such as rock type, bedding, 
and major planes of weakness or fracture 
are considered as :'fixed" conditions 
and cannot be changed by the designer. 
The size, shape, and orientation of the 
shaft, the type and dimension of shaft 
support, and the time of placing perma­
nent support are "variable" parameters; 
that is, they can be altered during de­
sign or construction to provide the most 
stable condition. To encompass the com­
plete range of rock mass deformational 
modes, the elastic, plastic, and visco­
elastic options of the "BMINES” code 
were used. These behavioral modes are 
expressed in equations 1 2  through 2 1 . 
Other considerations follow:
1. The depth of the shaft, relative to 
the shaft cross section, is infinite; 
two-dimensional, horizontal, plane strain 
conditions are assumed.
2. For evaluation of the effect of the 
horizontal stress ratio, input loads to 
the model boundaries range from 1 : 1  to 
3:1, to cover the range of measured field 
stresses.
3. Shaft excavation and support in­
stallation occur simultaneously to simu­
late a "worst case" loading condition. 
In actuality, support installation often 
lags shaft excavation by several days; 
however, for a two-dimensional elastic 
analysis, the stress increment applied to 
the support system changes only the rela­
tive magnitude, and not the nature, of 
the rock-support Interaction,
ANALYTICAL CONSIDERATIONS
a n d t  = t i m e .
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1 0 ,0 0 0 , 0 0 0 0.25 6,666,700 4,000,000
Lucky Friday Mine quartzite... 8 ,1 0 0 , 0 0 0 .205 4,576,270 3,361,000
Caladay Project quartzite..... 9,570,000 .205 5,406,800 3,971,000
1 ,0 0 0 , 0 0 0 .25 666,67 0 333,340
Concrete:
3,140,000 .15 1,495,240 1,365,220
3,620,000 .15 1,723,809 1,573,913
5,000-psi strength........... 4,050,000 .15 1,928,570 1,760,870
5,407,500 o 15 2,575,000 2,351,000
30,000,000 .3 25,000,000 11,538,461
1,900,000 .25 1,260,000 760,000
2 , 0 0 0 .15 952 870
4. Physical properties of the mine 
rocks used for material property input 
represent certain groups of Precambrian 
quartzite tested in situ and/or in the 
laboratory. Table 3 lists typical physi­
cal properties for various materials used 
in this analysis.
5. Circular, rectangular, and ellipti­
cal shaft cross sections are simulated. 
Since all have axes of symmetry, only a 
quarter of the cross section with the 
opening and adjacent rock mass requires 
modeling.
6 . Stress concentration factors are 
used to evaluate relative effects of 
anisotropy and support performance. The
ratio of tangential stress, or "perime­
ter" stress in the case of rectangular 
openings, to applied stress defines 
stress concentration.
7. Axial displacement is used as a 
stability criterion in analyzing the ef­
fects of geologic discontinuities and 
support systems for rectangular openings.
8 . Plastic yield factors are used to 
indicate whether yielding has occurred in 
an element (from equations 15-20). The 
yield factor is derived from the Mohr­
Coulomb failure criterion requiring input 
of rock strength, cohesion, and internal 
friction.
CIRCULAR SHAFTS
It has been well documented that the 
stress concentration factor around a cir­
cular opening for unidirectional loading 
conditions is - 1  for the roof position 
and +3 in the rib. For example, if a 
circular tunnel has only compressive 
loading from overburden, the internal 
peripheral stress at the crown point is 
the same as the overburden load, but in 
tension and at the spring line, the rock 
is subjected to a compressive load three 
times the overburden load. Under hydro­
static conditions, that is, applied loads 
equal in all directions, the stress con­
centration is 2  at any position on the 
opening boundary, obviously a condition 
favorable for a circular shapes
To illustrate the influence of 
applied stress ratio, and to compare 
finite element method (FEM) results 
with conventional closed-form solutions, 
a basic two-dimensional, 14-ft-diam, 
circular shaft was modeled. Figure 4 
shows details of the model, which has 
280 elements and 315 nodal points. The
bulk and shear moduli of the rock are 
6.7 x 10 6  psi and 4.0 x 10 6  psi, respec­
tively, representing very hard, brit­
tle quartzite (table 3). Three sets
of applied stresses, with a (p*/py) of 
6,000/2,000, 6,000/3,000, and 6,000/6,000 
psi, were used as input loads on the 
model boundary, 7 radii from the center 
of the opening,, These values are typical
1.6
I I i t ?  1 I I L
F I G U R E  4. - Finite-element model for analy­
sis of circular shaft.
of the range of stress magnitudes and 
ratios determined in the field (tables 1
and 2 ).
The first 80 to 160 elements nearest 
the shaft opening (fig. 4) simulate vary­
ing thicknesses of concrete lining with a 
bulk modulus of 1.7 x 10 6  psi and a shear 
modulus of 1.0 x 10 6  psi. The remaining 
elements represent the rock mass sur­
rounding the shaft.
Figure 5 clearly illustrates the effect 
of the stress ratio in terms of the maxi­
mum tangential stress. At a 3:1 or 
greater stress ratio, a circular opening 
would become unstable as the tangential 
stress nears the yield point of weaker 
quartzites. Conversely, the 1:1 loading 
condition is the most favorable, showing 
a uniform stress throughout.
Comparison of these results with those 
calculated using the Lame'" and Kirsch so­
lution (equations 2  and 6 ) shows an ap­
proximate ±5 pet difference. The closed­
form solutions are exact; the discrepancy 
in the finite-element results is due to 
the stress being calculated at the center 
of the element instead of exactly at the 
opening boundary. However, a finer mesh 
near the opening would minimize this
difference. In figure 5, the 1:1 loading 
condition results in a stress concentra­
tion factor of 1.93, versus 2 for an 
exact solution. For the 3:1 loading con­
dition, the maximum tangential stress 
normal to the direction of maximum ap­
plied stress is 2.7 times the applied 
stress, versus 3 for the exact solution.
Element 1 at the 0 = 90° position
reaches a maximum of over 16,000 psi and 
becomes tensile element 2 0  at the 0 = 0 ° 
position. For an applied stress ratio of 
6,000/3,000, the tangential stress in 
element 1 is slightly below 16,000 psi in 
element 1 and a little higher than 2,500 
psi in element 20, both compressive. For 
the 1 : 1  condition, all tangential stress­
es are the same, or slightly lower than 
1 2 , 0 0 0  psic
Figure 6  shows the relative effect of a 
2 -ft thickness of concrete if installed 
immediately upon excavation of the rock. 
The tangential stress at the concrete- 
rock interface is reduced by 2 1  pet for a 
3:1 applied stress ratio and by 17 pet 
for a 1:1 condition. Figure 7 shows the 
corresponding tangential stress on the 
concrete surface for a 3:1 applied 
stress ratio for various thicknesses. 
Note that the stress developed in the 
concrete increases slightly with increas­
ing thickness. A tensile zone also ex­
ists in the concrete on approximately 
2 0  pet of the periphery.
These results show that if the concrete 
liner was installed immediately upon ex­
cavation, the resulting decrease in 
displacement-induced stress concentration 
in the rock would be significant. Con­
crete thickness appears to have only min­
imal effect on resulting stress levels in 
the concrete. In fact, a slight increase 
in stress is seen owing to the greater 
excavation of rock material and subse­
quent larger displacement.
Plastic analyses were also conducted 
to determine the yield zones for unsup­
ported and concrete-lined circular shafts 
at varying stress ratios. This enables 
determination of failed zones according 
to the Mohr-Coulomb yield criteria, as
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9 0 . 0  6 7 . 5  4 5 . 0  2 2 . 5  0
E L E M E N T  POSITION.deg
F I G U R E  5. - Tangential stress distribution around 14-ft-diam unsupported shaft as function of 
stress ratio.
E L E M E N T  POSITION,deg
F I G U R E  6. - Tangential stress distribution in rocks around 14-ft-diam supported and unsupported 
shafts.
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F I G U R E  7. - Tangential stress distribution for various thicknesses of concrete lining for 
14-ft-diam shaft.
expressed by equations 17, 18, and 19. 
As indicated from typical unconfined and 
triaxial stress-strain curves for quartz­
ites (7), the rock deforms elastically 
over a wide range, and plastic deforma­
tion occurs only shortly before rupture. 
Therefore, the occurrence of plastic 
yielding is almost simultaneous with the 
elastic yield point. The plastic model 
is similar to the elastic model, and 
yielded elements are shown with the yield 
zone. Figures 8 A, 8 B, and 8 C show yield 
zones around unsupported 14-ft-diam cir­
cular shafts for 3:1, 2:1, and 1:1 ap­
plied stress ratios, respectively.
Figure 8 A indicates that the plastic 
yield zone around the unsupported 
circular shaft for an applied load of P x 
= 6,000 psi and P y = 2,000 psi is located 
on the shaft perimeter 90° from P x, the 
maximum stress, and extends about 6  in
into the rock. When the applied load 
changes to P x = 6,000 psi and P y = 3,000 
psi, seven elements in the first layer 
(3 in) yield plastically (fig. 8 B ) . If 
the applied load is a uniform 6 , 0 0 0  psi, 
the inside ring of elements, representing 
a 3-in rock layer, yields plastically 
(fig. 8 C ) . The actual failure mode might 
be an elastic instability such as shell 
buckling or cylinder crushing. The plas­
tic analyses show that rock material 
can be expected to yield and fail in 
hard brittle quartzites for typical load 
levels and stress ratios experienced In 
deep shafts. In fact, as mentioned pre­
viously , several circular raise bores 
in the Couer d'Alene raining district have 
developed failure geometry reflecting 
the yield zones shown by figures 8A and 
85, which indicates a biaxial stress 
condition.
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Figures 9/5, 9B, and 9C show the plas­
tic yield zones around a 14-ft-diam 
shaft lined with 1 , 1 - 1 / 2 , and 2  ft of
concrete, respectively, with an applied 
stress ratio of 3:1. Comparing figures 
9/5 and 8/5, the depth of yield in the rock 
is decreased owing to the liner. How­
ever, extensive yielding might occur in 
the concrete, which may or may not be
significant, depending on accompanying 
displacement. With increasing concrete 
thickness, figures 9B and 9C show that 
the yield zone in the rock mass is elimi­
nated. The concrete shows slightly more 
yield owing to the increased rock excava- • 
tion required. This shows that the ef­
fect of concrete thickness as a support 
variable is minimal.
L
FIGURE 8 . - Plastic yield zones around unsupported, 14-ft-diam shaft. A, 3:1 applied stress ratio; 
B, 2:1 applied stress ratio; C, 1:1 applied stress ratio.
B u l k  m o d u l u s  = 6 . 7  x 10® p s i  
S h e a r  m o d u l u s  = 4 . 0  x 10® p s i  j  
2 8 0  e l e m e n t s  ’
3  1 5 n o d a l  p o i n t s  
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FIGURE 9. - Plastic yield zones around supported, 14-ft-diam shaft at a 3:1 stress 
ratio. A, 1 ft of concrete; B, 1-1/2 ft of concrete; C, 2 ft of concrete.
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RECTANGULAR SHAFTS
A rectangular shaft opening presents a 
more difficult configuration for a de­
signer. The orientation with respect to 
the prevailing stress field, as well as 
local geologic discontinuities, must be 
taken into consideration. As discussed 
previously, the traditional design ap­
proach has been to orient the short axis 
parallel with the strike of prevailing 
weakness planes, which in most cases is 
bedding. The long side of the shaft will 
thus intersect the rock normal to the 
weakness planes, minimizing their effect 
and exposure in the shaft wall. However, 
the in situ prevailing stress field com­
plicates the effect of geologic discon­
tinuities, particularly if stress levels 
exceed rock strength.
EFFECT OF STRESS RATIO AND ORIENTATION
To illustrate the significance of the 
stress ratio and shaft orientation, a 
two-dimensional cross-sectional model 
simulating one-fourth of a 1 0 - by 2 0 -ft, 
unsupported, rectangular shaft was ana­
lyzed. This model has 168 elements and 
199 nodal points. The rock is medium- 
hard quartzite having the following mate­
rial properties:
5.407
Shear modulus (G)...... 10 6  psi.. 4.0
Angle of internal friction (<j>)
deg.. 52
2,836
Angle of failure plane.....deg.. 60
Modulus of elasticity..10 6  psi.. 9.57
0 . 2 1
Plastic analysis was conducted to de­
termine the yield zones due to various
applied stress fields. Figure 10 shows 
the effects for stress ratios of uni­
directional, 3:1, 2:1, and 1:1 conditions 
with the major axis aligned both parallel 
and normal to the major stress. The 
shaded elements illustrate the potential 
yield zones in the rock mass for that 
particular set of applied stresses.
Figure 10j4 shows yield zones around an 
unsupported shaft for a unidirectional 
stress field with the major axis alined 
parallel to the major stress. The uni­
directional condition might occur when a 
shaft penetrates an area that has nearby 
mined-out zones, and the stress in one 
direction is very large with respect to 
stress in the other direction. General 
yielding occurs along the short axis of 
the shaft, radiating out from the corners 
with compressive failure; the short wall 
exhibits tensile failure. This is a par­
ticularly realistic condition when the 
vein structure parallels bedding and 
nearby mining results in unidirectional 
loading normal to bedding planes, causing 
"beam bending" type failures.
With stress normal to the long axis 
(fig. 10S), even more extensive yielding 
occurs and extensive shaft instability 
would result. If bedding planes or other 
major discontinuities were also parallel 
with the long axis, this loading condi­
tion would be particularly severe, re­
sulting in the worst combination of ap­
plied stress ratio and orientation for 
the rectangular shape.
With a stress ratio of 3:1 and the max­
imum load parallel with the long axis 
(fig. IOC), shaft stability is greatly 
improved. Almost no yielding occurs ex­
cept near the corner, this area soon be­
coming stable as the corner yields and 
becomes rounded. In addition, excavation 
practices would produce an irregular, 
somewhat rounded, corner which would 
smooth out the sharp increase in stress. 
This is the most desirable of all com­
binations of applied stress ratio and 
orientation, and if major weakness planes 
also were oriented normal to the long 
axis, maximum stability would result. In 
contrast, figure 10Z) shows this stress 
ratio rotated 90°, and extensive yielding 
still occurs around the shaft. The long 
shaft wall would be subject to tensile 
failure (beam bending), while the short 
wall would be subject to high compressive 
stress.
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FIGURE 10.- Plastic yield zones around unsupported 1 0 - by 2 0 -ft rectangular shafts for varying stress 
ratios. A, Unidirectional stress parallel with major axis; B, unidirectional stress normal to major axis; C, 
3:1 stress ratio with minimum stress parallel with long axis; D, 3:1 stress ratio with maximum stress nor­
mal to long axis; E, 2:1 stress ratio with maximum stress parallel with long axis; F, 2:1 stress ratio with 







This trend continues in figures lOff,
1 OF, and 10(7. Almost no yielding appears 
in figure lOff at a 2:1 stress ratio with 
the major stress parallel with the long 
axis. However, in figure 10F, with major 
stress normal to the long axis, consider­
able yielding again occurs. Figure 105 
shows the 1 : 1  loading condition with 
fairly severe yielding at the midpoint of 
the short wall.
In general, the best combination of 
applied stress and shaft orientation is 
with the major stress parallel with the 
long shaft axis. The worst case is 
unidirectional loading, regardless of 
orientation, or with major stress nor­
mal to the long wall of the shaft. As 
the major stress rotates from parallel
with the long axis of the shaft to nor­
mal to the long wall, the yield zones
increase accordingly. Furthermore, in­
creasing stress magnitudes obviously in­
crease the zone of yielding and the ex­
tent of unstable ground around the shaft. 
Little can be done to alter the stress 
field, but the optimum orientation can be 
determined during the design stages.
A notable departure of the preceding
analysis from classical elastic solutions 
is the lack of high-stress conditions in 
the corners of the shaft and, thus, de­
velopment of "critical stresses." This 
is attributed to the confining effect of 
adjacent sides, resulting in higher ef­
fective strength. Plastic yielding in 
this area is further restrained as block­
ing points for timber or steel sets are 
installed. In addition, the coarse mesh 
of the model prevents resolution of high­
ly localized stresses, and yield levels 
are extrapolated from the trend of the 
stress on either side.
GEOLOGIC DISCONTINUITIES
Geologic discontinuities, such as bed­
ding planes, joints, faults, etc., also 
affect the stability of a shaft, particu­
larly where these defects are steeply 
dipping. The resulting situation is that 
the vertical shaft wall intersects the
discontinuity at a relatively small an­
gle, and, consequently, the plane of max­
imum shear stress often coincides with 
preexisting weakness planes.
The rock masses in deep mines, such 
as in the Coeur d'Alene District, are 
not homogeneous bodies. They consist 
of interbedded and, often, intensively 
fractured and folded formations. A typ­
ical lithological feature is interbed­
ded quartzite and argillite. The quartz­
ite beds are usually hard, brittle, and 
medium to thick; the argillites are soft, 
weak, and thinly bedded. Physical prop­
erties of argillaceous material are 
largely unknown; however, a modulus val­
ue of one-tenth that of intact quartz­
ite that has been used in previous work 
(1_ , 43) is used in these a n a l y s e s T w o  
finite-element models simulating a simple 
quartzite-argillite interbedding condi­
tion have been analyzed. The following 
input data were utilized:
Bulk modulus 
(quartzite)...10 6  psi.. 6.7
Shear modulus 
(quartzite)...10 6  psi.. 4.1
Applied load 
(Px = Py)..........psi.. 3,000
Figure 11 shows bedding parallel with 
the long axis, and figure 1 2  shows it 
normal to the long axis. Figure 13 shows 
tangential stress concentration around a 
rectangular shaft for these two condi­
tions of interbedding, compared to the 
case of a shaft located in 1 0 0  pet 
quartzite. The loading condition is uni­
form to minimize the influence of the 
stress ratio. The stress distribution is 
keyed to the element notation In figures
1 1  and 1 2 .
Little difference in stress concentra­
tion around the shaft perimeter exists 
for the all-quartzite model and interbed­
ding parallel to the long axis. Tan­
gential stress concentration is severe 
along the short axis and corners of the 
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F I G U R E  11. - Model of interbedded quartzite and argillite striking parallel with long axis of shaft.
Figure 14 shows the displacement dis­
tribution keyed to the nodal point nota­
tion in figures 11 and 12. The greatest 
axial displacement occurs at the midpoint 
of the long dimension for the interbedded 
condition paralleling the long axis and 
is almost three times greater than if no 
argillite was present. The axial dis­
placement is also more than twice as 
great at this position for bedding normal 
to the long axis. Displacement along the 
short axis is not significantly affected 
by bedding parallel to the long axis. 
However, it is about four times as great 
for normal bedding. In general, the tan­
gential stress and magnitude of axial 
displacement are considerably greater for 
the condition of interbedded quartzite 
and argillite than for quartzite alone.
Other typical geologic discontinuities 
which exist are jointing systems and 
fault blocks. Analysis was conducted to 
examine these effects on stability of 
rectangular shafts. Open fractures, sim­
ulating a faulted structure infilled with
gouge material, were analyzed with zero 
cohesion and with no frictional resist­
ance to shear along the plane of weak 
ness. Tight fractures simulated joints 
where little or no lateral movement has 
occurred and cohesion and internal fric­
tional resistance remain. Figure 15 
shows the two-dimensional model used for 
fracture analysis. One to three evenly 
spaced fractures oriented either normal 
or parallel to the long axis of the 
shaft, and extending into the rock mass 
to the boundary of the model, were 
simulated.
Models were loaded uniformly to 3,000 
psi with a bulk and shear modulus of 6.7 
x 10 6  psi and 4.0 x 10 6  psi, respective­
ly. Figure 16 shows axial displacement 
along the long axis for an open-fracture 
system oriented normal to the long axis. 
Displacement at the midpoint of the long 
wall ranges from negligible in unfrac­




F I G U R E  12. - Model of interbedded quartzite and argillite striking normal to long axis of shaft.
Figure 17 shows axial displacement when 
a tight fracture is simulated. Maximum 
axial displacement is again along the 
long axis at the midpoint. However, the 
magnitude is less than one-half that of 
the open-fracture system. Rock mass 
properties thus have a significant influ­
ence on the deformational behavior of the 
shaft walls.
SHAFT SIZE AND SUPPORT SYSTEM
Design parameters that may be consid­
ered variable and also affect structural 
behavior of rectangular shafts are the 
size, the length-to-width (L/W) ratio of
the axes, and the support system. To de­
termine wall displacement and stress con­
centration as a function of shaft size 
and dimensions, an unsupported rectangu­
lar shaft with the L/W ratio varying from 
1.6 to 2.5 was analyzed. The short axis 
was fixed at 1 0  ft, to decrease the num­
ber of variables, and the length of the 
long axis was varied. Rectangular shafts 
from 10 by 16 ft to 10 by 25 ft were mod­
eled, typical of shafts constructed in 
deep mines. The model cross section con­
tains 400 elements and 446 nodal points. 
Bulk and shear modulus is 5.4 x 10 6  psi 

























E L E M E N T
F I G U R E  13. - Stress concentration factor around 10- by 20-ft rectangular shaft in layered rocks.
Figures 18,4, 18S, and 18(7 show stress
concentration around the shaft perimeter 
for varying L/W ratios and uniform and 
biaxial stress fields. Figure 18/1 illus­
trates the stress concentration for a 1 : 1  
loading condition. This figure shows 
that as the shaft length increases with 
respect to its width (fixed at 1 0  ft), 
the stress decreases along the long side 
and increases along the short side. A 
50-pct increase in length changes the 
maximum stress concentration by about 30 
pet. As the stress becomes more strongly 
biaxial with the major stress acting par­
allel to the long axis, the preferred 
orientation, the change in stress concen­
tration becomes less pronounced with 
increasing L/W, as shown in figures 185 
and 18C.
Figure 19 shows the maximum axial 
displacement occurring as a function 
of the L/W ratio for varying stress ra­
tios. In all cases, the maximum dis­
placement is at the midpoint of the 
long side and, contrary to tangential 
stress, is strongly dependent on L/W 
ratio. A uniform loading condition re­
sults in the most significant effect, 
with a 60-pct increase in L/W more than 
doubling the displacement. The effect 
of increased L/W is lessened as the 
stress ratio becomes biaxial, with the 
maximum being parallel with the long 
axis. The effect on displacement at 
the midpoint of the short axis is mini­
mal for all loading conditions.
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N O D A L  P O I N T
F I G U R E  14. • Axial displacement around 10- by 20-ft unsupported rectangular shaft in layered rocks.
F r a c t u r e  l o c a t i o n s
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F I G U R E  15. - Model used for fracture analy­
sis for 10- by 20-ft rectangular shaft in hard 
quartzite.
F I G U R E  16. - Axial displacement along long 














N O D A L  POINT N U M B E R
F I G U R E  17. - Axial displacement along long 
edge of 10- by 20-ft rectangular shaft with tight 
fractures.
The effect of increasing the cross­
sectional area of the shaft at a fixed 
L/W = 2  is shown in figure 20. With a 
1 : 1  applied load, increasing the area by
2 „4 times more than doubles the maximum 
displacement. A minimal effect on dis­
placement is seen at the midpoint of the 
short axis. There is also an increase in 
the rate of change of displacement with 
increasing shaft cross-sectional area. 
Again, the significance of this parameter 
decreases if the preferred orientation is 
practiced.
Analysis was also conducted to compare 
relative support functions for timber, 
steel, and concrete, and to determine 
stress buildup in the support members 
themselves. The cross-sectional models 
are shown in figures 21, 22, and 23,
D I S T A N C E  A L O N G  S H A F T  W A L L
F I G U R E  18. - Stress concentration as function 
of length-to-width ratio for rectangular shafts. A, 
1:1 stress ratio with insert showing the model lay­
out; B, 2:1 stress ratio; C, 3:1 stress ratio.
representing timber, steel, and concrete 
support, respectively. Points A, B, and 
C represent selected locations for keying 
to figures 24 and 25. The rock excava­
tion was fixed at 1 0  by 2 0  ft for the 
timber and steel support system and at 1 2  
by 24 ft for the concrete liner. Obvi­
ously, the timber set will result in less 
usable compartment space than the steel 
set owing to its physical dimensions. 
Installation of a steel set in the con­
creted shaft would give the maximum
SHAFT
C O R N E R
2 8
o -------- 1------- 1-------- 1------- 1--------
1 . 6  1 . 8  2 . 0  2 . 2  2 . 4  2 . 6
L / W RATIO
F I G U R E  19. - Maximum displacement around 
rectangular shafts as function of length-to-width 
ratio for varying stress ratios.
F I G U R E  21. - Model for analysis of timber- 
supported rectangular shafts.
D I S T A N C E  A L O N G  S H A F T  W A L L
F I G U R E  20. - Axial displacement around rec­
tangular shafts as function of cross-sectional
area.
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compartment size. A cost analysis would 
show the most feasible approach. For the 
purposes of this investigation, the in­
side dimension, prior to installation of 
the compartment structure, is the fixed 
parameter.
Figure 21 shows a one-quarter section 
of a timber-supported rectangular shaft 
with a three-compartment Douglas-fir set, 
having outside dimensions of 8  by 18 ft. 
The set is blocked at the corners and 
dividers with 12- by 12-in timber. The 
wall and end plates are 1 0  by 1 0  in, and
the dividers are 8  by 10 in. The com­
pressive strength of the timber is 6 , 0 0 0  
psi when loaded parallel to the grain, 
and 1 , 0 0 0  psi perpendicular to the grain. 
Blocking is oriented so that load is ap­
plied perpendicular to the grain to pro­
vide for squeeze around the shaft without'* 
developing excessive load on the set.
Figure 22 shows a one-quarter section 
of a steel-supported shaft. Twelve-inch- 
square squeeze blocks are installed at 
the corners and end of each divider for 
the three-compartment set. The steel is
29
ASTM designation A501 hot-formed, square, 
carbon steel tubing, 6  by 6  In on a side 
with a 1 -in wall thickness and a minimum 
yield strength of 36,000 psi.
A one-quarter section of a rectangular 
shaft with a 1 -ft-thick concrete lining 
is shown in figure 23. The concrete is 
assumed to have a 28-day strength of
5,000 psi. Figure 24 shows the stress 
concentration at each element location 
clockwise from point A in figure 21, de­
veloped in the rock for each of the three 
types of shaft support and the unsupport­
ed case. The loading condition is uni­
form to isolate the effect of the support 
systems.
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H G U R E  22. - Model for analysis of steel- 
supported rectangular shafts.
F I G U R E  23. - Model for analysis of concrete- 
supported rectangular shafts.
ELEMENT LOCATION
F I G U R E  24. - Comparison of unsupported and 
steel, timber, and concrete support for 10- by 20­
ft rectangular shaft in hard quartzite.
In general, there is an increase in 
stress concentration in the rock along 
the long shaft wall and a decrease along 
the short wall. The steel support re­
sults in local high-stress zones, partic­
ularly at blocking points. The concrete 
liner results in a more uniform stress 
distribution around the opening * although 
stress is actually slightly increased 
over the unsupported case at the midpoint 
of the short axis. There is also a 
marked decrease in shaft corner stress 
owing to the closely spaced blocking 
points. The steel set has the most dra­
matic effect on decreasing rock stress 
concentration, particularly along the 
short wall, whereas timber sets have al­
most a negligible effect.
The axial displacement in the rock 
around the rectangular shaft is shown in 
figure 25 for the steel, concrete, and 
timber supports. The steel is the most 
effective in reducing rock displacement 
into the shaft, particularly along the 
long axis. The concrete and timber sup­
port performs similarly, with concrete 
having the most effect in reducing dis­
placement along the short axis.
Stress distribution in the timber, 
steel, and concrete is of critical im­
portance. Figure 26 shows the maximum 
compressive stress in the timber for the 
same models and loading conditions. The 
largest stress occurs in the end plates
3 0
NODAL POINT LOCATION
F I G U R E  25. - Axial displacement in rock 
around 10-by 20-ft rectangular shaft in hard 
quartzite unsupported and supported with 
steel, timber, and concrete.
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F I G U R E  26. - Maximum compressive stress 
distribution in timber shaft set.
and dividers, being about one-third and 
two-thirds of the compressive strength 
(parallel with the grain), respectively.
For the steel-supported shaft (fig. 
27), the same trend is noted. Stresses 
in the steel end plate and divider come 
very close to yield, and elastic insta­
bilities such as buckling or twisting 
might become a serious problem.
Stresses in the 1-ft-thick concrete 
lining are shown in figure 28 for uniform 
and biaxial loading conditions. For uni­
form loading, stress is virtually zero at 
the midpoint of the long wall, increasing 
sharply to critical levels in the corner, 
and then down to about 50 pet of yield at 
the midpoint of the short axis. For the 
2:1 and 3:1 loading, the stress remains
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F I G U R E  27. - Max imum compressive stress 
distribution in steel shaft set.
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F I G U R E  28. - Maximum tangential stress 
distribution in 1-ft-thick concrete lining.
fairly constant, except at the corners, 
where it again approaches the yield 
strength. The stress concentration in 
the corners is somewhat hypothetical be­
cause sharp corners are highly unlikely. 
A much smoother transition of stress on 
either side, as indicated by the dashed 
line, is more realistic.
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ELLIPTICAL SHAFTS
An elliptical shaft has much the same 
design considerations as a rectangular 
shaft, and the correct orientation with 
respect to the stress field and geologic 
discontinuities must be maintained. The 
main structural advantage is that there 
are no sharp corners, thus eliminating 
critical stress concentrations. Theoret­
ically, if the ratio between major and 
minor axes is the same as the ratio of 
applied stresses, with the major stress 
oriented parallel to the long axis, a 
uniform stress exists around the opening 
(fig. 29).
Thus, an elliptical shape would appear 
to offer the advantages of both circu­
lar and rectangular shapes from a struc­
tural standpoint. However, few ellip­
tical shafts have been constructed owing 
to difficulties in excavation and sup­
port and installation of the sets and 
conveyances. Considering the difficulty 
in determining the ratio and direction 
of prevailing stresses, the structural 
advantages might lose their signifi­
cance. Finite-element analysis was con­
ducted, nevertheless, to investigate the
structural aspects of this shape, par­
ticularly when a concrete lining is 
installed.
Figure 29 shows the stress concentra­
tion on the innermost layer of rock for a 
uniform loading condition with different 
concrete thicknesses and unsupported with 
a 2:1 stress ratio. The inner rock layer 
is represented by elements 20 through 440 
for the unsupported opening, 16 through 
436 with a 1 -ft-thick concrete lining, 
and 14 through 434 with a 2-ft-thick lin­
ing. For the uniform loading condition, 
there is a slight increase in rock stress 
due to the concrete lining at the mid­
point of the long radius of the shaft, 
with a significant decrease in stress at 
the midpoint of the short radius. Little 
advantage is gained by going from a 1 - to 
a 2 -ft lining, the benefits of increasing 
thickness being negated by the greater 
rock excavation required.
The elliptical opening with a concrete 
lining behaves similar to the rectangu­
lar opening (figs. 24-25). Installation 
of a liner slightly increases stress lev­



















E L E M E N T  L O C A T I O N
F I G U R E  29. Stress concentration in rocks around supported and unsupported 10- by 20-ft elliptical 
shaft for different stress ratios.
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stress buildup is eliminated at the cor­
ners and decreased along the short wall. 
More detailed analyses of an elliptical 
opening are beyond the scope of this
r e p o r t , considering the relative usage of 
this configuration and its similarity to 
a rectangular shape.
TIME EFFECTS
Time dependency of the rock mass is 
also a very critical parameter from 
the standpoint of both design and con­
struction. If the yield point of the 
rock is not exceeded and no viscoelastic 
behavior is mobilized, then the shaft 
wall rock is self-supporting and reaches 
equilibrium as soon as the shaft bottom 
advances sufficiently to eliminate end 
e f f e c t s . However, for the depths and 
stress levels encountered in a deep-mine 
enviro n m e n t , the stress in the rock mass 
often exceeds the yield p o i n t , and time- 
dependent deformation, or "creep," often 
o c c u r s .
Rock creep is a rather complicated 
deformational characteristic. Several 
mathematical models have been used to 
simulate different types of c r e e p , as 
shown previously by equations 21 through
24. If the applied load and the strain 
rate are known, from either laboratory 
creep tests or in situ measur e m e n t , the 
coefficient of viscosity of the rock can 
be computed. O r , if the coefficient of 
viscosity is given and the applied load 
is assumed, the strain rate may be cal­
culated. If time is also known, the 
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F I G U R E  30. - Rock deformation versus time for 10- by 20-ft el liptical and rectangular shafts.
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The viscoelastic analyses in this study 
used creep test results from several NX- 
size quartzite samples. Figure 30 illus­
trates the time-deformation relationship 
for an unsupported 1 0 - by 2 0 -ft ellip­
tical shaft and a steel-supported 1 0 - 
by 20-ft rectangular shaft. The radial 
deformation at the midpoint of the ma­
jor axis of the elliptical shaft is 
shown. Secondary, or steady-state, creep 
is reached at approximately 1 , 0 0 0  h ( 6  
weeks) and continues at a rate of about 
4 x 1 0 ~ 6  in/h. Stability has still not 
been achieved by 1 0 , 0 0 0  h ( > 1  y r ) , and 
support and confinement obviously need to 
be provided.
The axial deformation at the midpoint 
of the long side of a rectangular shaft
with steel support is also shown.
Steady-state creep is reached in less
than 1 , 0 0 0  h and continues at the rate of 
about 3 x 10 - 6  in/h. The load levels
applied to both models are typical of 
what might be expected in a deep mine 
shaft. Although viscoelastic behavior 
has not been investigated in detail owing 
to difficulties with the finite-element 
code, it obviously has a major influence 
on shaft stability.
DISCUSSION AND CONCLUSIONS
The relative merits of different shaft 
designs are well known within the context 
of construction and service characteris­
tics. However, little is known about the 
structural performance. With the finite- 
element technique, the structural aspects 
of design and construction variables have 
been investigated. The present study 
uses a two-dimensional approach.
Stress and physical property measure­
ments from deep-vein mines provide real­
istic input data. Horizontal stresses 
are larger than vertical stress and are 
biaxial, ranging from a 1.25 to a 2.73 
ratio. Physical property input reflects 
rock that is generally hard and brittle, 
and strength and elastic properties are 
highly variable, depending on mineral 
content, grain composition, and rock 
type.
Mathematical modeling using finite ele­
ments incorporates values of field and 
laboratory-determined stress, physical 
properties, and geologic data as "fixed" 
input. "Variable" parameters, or those 
that may be designed into the system, in­
clude shaft size, shape, orientation, and 
type and dimension of shaft support. 
Three primary modes of deformation, elas­
tic, plastic,and viscoelastic, are simu­
lated. Shaft stability is based on 
stress concentration and displacement for 
elastic solutions and yield factors for 
plastic analysis.
The most common shaft shape is circu­
lar, and as is well known, it is most 
stable with uniform loading. At deeper 
levels, as the rock stress approaches the 
yield point, plastic behavior results in 
better stress flow and arching, thus 
further favoring the circular shape. As 
the stress ratio becomes strongly bi­
axial, the stress concentration in the 
shaft wall, 90° from the maximum stress 
direction, increases significantly. Ten­
sile loading also develops parallel with 
the line of maximum applied stress for 
this extreme loading condition.
Concrete lining may decrease the tan­
gential stress at the concrete-rock in­
terface by limiting deformation, depend­
ing on the ratio of applied stresses. 
Increasing the concrete thickness has 
little effect on reducing rock stress. 
Although not considered in this study, in 
actual construction the tangential rock 
stress and liner stress are largely de­
pendent on distance above the shaft bot­
tom before lining is installed, and on 
the time-stiffness function of the con­
crete. The increased excavation required 
and exposure of additional rock surface 
and planes of weakness would probably 
cancel any benefits obtained from in­
creasing the thickness of the liner. 
Plastic analyses of circular shafts show 
similar results, with yield zones occur­
ring at the maximum stress concentrations 
found from elastic solution.
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Rectangular shafts are extensively ana­
lyzed for various combinations of ori­
entation, applied load, geologic dis­
continuities, shaft size, and support 
systems. The most important design de­
cision for a rectangular shaft is its 
orientation, with respect to both the in 
situ stress field and the geologic weak­
ness planes. The most unfavorable ori­
entation is with the long axis of the 
chaft oriented normal to the major stress 
in a biaxial stress field. Conversely, 
the best orientation is with the major 
stress and long shaft axis parallel, re­
sulting in minimal yielding in the rock. 
If the stress field is highly unidirec­
tional, such as near a fault or mining 
area, yielding may occur regardless of 
orientation. Likewise, if the stress 
field is uniform, orientation is irrele­
vant and general yielding is evident.
Bedding planes, joint systems, type 
and size of the support system, and shaft 
size affect structural performance. A 
cursory examination of interbedding and 
jointing shows that geologic defects have 
the most significant effect on stress 
concentration and displacement. In fact, 
consideration of the anisotropy of the 
medium might be the controlling design 
consideration. For example, an inter­
bedded quartzite-argillite medium shows 
significant stress concentration at the 
midpoint of the short axis. Interbed­
ding also significantly increases the 
displacement profile of the shaft wall. 
For uniform loading, displacement is 
increased several times over that with 
the nonbedded condition, regardless of 
orientation.
Displacement is also dependent on the 
degree of joints and fracture systems in 
the rock mass, subject to frictional re­
sistance between the joint surfaces and 
frequency. Joints with negligible shear 
resistance result in displacement at the 
midpoint of the long axis that is many 
times that of the unfractured medium.
The L/W ratio of the axes for rectan­
gular shafts also has varying degrees of 
influence on stresses and displacements 
that may be encountered. The effect of 
L/W on the stress concentration is neg­
ligible, particularly if the preferred 
orientation with respect to stress
ratio is practiced» The axial displace­
ment, however, is changed significantly 
at the midpoint of the long shaft axis, 
being nearly doubled by increasing the 
L/W by 60 pet. Shaft size also affects
displacement; by increasing shaft cross­
sectional area by 2.4 times at an L/W of 
2 : 1  and a 1 : 1  load ratio, displacement at 
the long axis midpoint is more than 
doubled.
Timber-, steel-, and concrete-supported 
rectangular shafts show little difference 
in support function, compared to the un­
supported case. The concrete lining re­
sults in a smoother stress distribution 
around the opening, whereas the steel 
support causes some local high stress 
concentrations. The steel support system 
is most effective in reducing axial dis­
placement and stress concentration. How­
ever, dividers and end plates of both the 
steel and timber systems might become 
critically stressed when subjected to 
even nominal in situ stress. This is al­
so evident in the corners for a concrete- 
lined opening.
Elliptical openings are subject to much 
the same design consideration as r e c t a n ­
gular openings. The preferred orienta­
tion is with the long axis oriented par­
allel with the major stress direction. 
The principal advantage of this shape is 
elimination of "critical" stresses de­
veloped in the corners of rectangular 
shafts. If the ratio between major and 
minor axes is the same as the applied 
stress ratio, the stress concentration is 
uniform.
Time effects become of increasing 
importance, as depths currently being 
mined result in the yield point of 
the rock being exceeded. Viscoelastic 
or time-dependent properties are defi­
nitely a factor in deciding long-term 
shaft stability, and increasing emphasis 
is being placed on determining these 
properties.
In summary, the many structural aspects 
involved with the design of deep under­
ground shafts are complex and difficult 
to evaluate. This report obviously does 
not cover every possible combination of 
applied load, orientation, geologic de­
fects, rock mass behavioral modes, open­
ing dimensions, or support concepts. It
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has been shown that the magnitude, dilec­
tion, and ratio of applied stress and 
rock mass anisotropy are keys to deter­
mining shaft stability. Little can be 
done to alter the magnitude and direction 
of the prevailing stress field around the 
shaft opening. Likewise, geologic dis­
continuities are impossible to eliminate, 
although their strength properties may be 
altered by crossbolting, grouting, and 
dewatering. However, these parameters 
can be determined before construction
begins, so that the structural character­
istics of the shaft and support can be 
optimized,;
A realistic conceptual framework has 
been developed upon which to examine the 
rock and support interaction in deep mine 
shafts. Structural analysis techniques 
can overcome some of the historical dif­
ficulties with shaft design by defining 
the field data requirements and struc­
tural sensitivity of various design and 
construction parameters.
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